The mass and coupling of the scalar tetraquark T − bb;ud (hereafter T − b:d ) are calculated in the context of the QCD two-point sum rule method. In computations we take into account effects of various quark, gluon and mixed condensates up to dimension ten. The result obtained for the mass of this state m = (10135 ± 240) MeV demonstrates that it is stable against the strong and electromagnetic decays. We also explore the dominant semileptonic T − b:d → Z 0 bc;ūd lν l and nonleptonic decays T − b:d → Z 0 bc;ūd M , where Z 0 bc;ūd is the color-sextet scalar tetraquark, and M is one of the final-state pseudoscalar mesons π − , K − , D − and D − s , respectively. The partial widths of these processes are calculated in terms of the weak form factors G 1(2) (q 2 ), which are determined from the QCD threepoint sum rules. Predictions for the mass, full width Γ full = (10.88 ± 1.88) × 10 −10 MeV, and mean lifetime τ = 0.61 +0.13 −0.09 ps of the T − b:d obtained in the present work can be used in theoretical and experimental studies of this exotic state.
I. INTRODUCTION
Four-quark states composed of heavy diquarks QQ ′ and light′ antidiquarks are real candidates to exotic mesons existence of which does not contradict first principles of QCD. During last few years an interest to these tetraquarks is renewed, although this topic attracted interest of physicists many year ago [1] [2] [3] [4] . The main qualitative results concerning a stability of the tetraquarks QQ ′′ against strong decays were also obtained in these articles. Thus, it was shown that such four-quark compounds may be stable if the ratio m Q /m q is sufficiently large. Investigations in the framework of different models confirmed that the axial-vector state T − bb;ud (in what follows T − bb ) is a strong-interaction stable particle with the mass below the BB * threshold [4, 5] .
Discovery of double-charmed Ξ ++ cc baryon stimulated a new interest to these heavy tetraquarks because parameters of Ξ ++ cc were used in phenomenological models to estimate the mass of T − bb [6, 7] . The prediction for the mass of T − bb obtained in Ref. [6] equals to m = (10389±12) MeV being 215 MeV below B − B * 0 and 170 MeV below B − B 0 γ thresholds, respectively. This means that the tetraquark T − bb is stable against the strong and electromagnetic decays and should dissociate to conventional mesons only weakly. The similar conclusion on strong-interaction stable nature of the tetraquark T − bb was made in Ref. [7] on the basis of the heavy-quark symmetry analysis. Its mass was found there m = 10482 MeV which is 121 MeV below the open-bottom threshold.
In the context of the QCD sum rule method the axialvector particle T − bb was recently studied in our paper [8] . In accordance with Ref. [8] the mass of T − bb amounts to m = (10035 ± 260) MeV that confirms once more its stability against the strong and electromagnetic decays.
We calculated not only the mass and current coupling of the tetraquark T − bb , but also explored the semileptonic decays T − bb → Z 0 bc lν l . In these processes we treated the final-state tetraquark Z 0 bc = [bc][ud] as a scalar particle with the color-triplet structure [3 c ] bc ⊗ [3 c ] ud . The predictions for the full width Γ = (7.17 ± 1.23) × 10 −8 MeV and mean lifetime τ = 9.18 +1.90 −1.34 fs of this axial-vector tetraquark are information useful for experimental investigation of a family of double-heavy exotic mesons. The parameters of the T − bb and its weak decays were considered also in Ref. [9] .
In the present article we are going to extend our analysis of exotic mesons bbud and explore the scalar partner of the T − bb with the same quark content. We denote this particle T − b:d and compute its spectroscopic parameters, full width and mean lifetime. The mass m and coupling f of the T − b:d are evaluated by means of the QCD two-point sum rule method, where we take into account various quark, gluon, and mixed vacuum condensates up to dimension ten. A result for the mass of the state T − b:d is important for our following investigations. Indeed, m determines whether T − b:d is strong-interaction stable particle or not. A simple consideration allows one to see that the scalar tetraquark T − b:d in S-wave can strongly fallapart to a pair of conventional mesons B − B 0 provided its mass is higher than the threshold 10560 MeV. But, our calculations demonstrate that mass of this tetraquark is m = (10135 ± 240) MeV, and therefore T − b:d is a stronginteraction stable particle. It is also stable against an electromagnetic dissociation T − b:d → B − B 1 (5721) 0 γ, because this process may run only if the mass of the initial particle exceeds 11003 MeV which is not a case. As a result, to determine the full width and mean lifetime of T − b:d we have to study its weak decays.
The dominant weak decays of the T − b:d are generated by a subprocess b → W − c which lead to its semileptonic and nonleptonic transformation to the exotic scalar meson Z 0 bc (a brief form of Z 0 bc;ud ). The scalar tetraquark Z 0 bc should belong to sextet representation of the color group [6 c ] bc ⊗ [6 c ] ud . This restriction is connected with features of different tetraquarks' weak decays, where the following selection rules are valid: for transitions with ∆S = 0, when initial and final tetraquarks have the same spin S, weak transitions occur between states of the same color structure, i.e., only triplet-triplet and sextet-sextet transitions are allowed [10] [11] [12] [13] . For processes |∆S| = 1 initial and final tetraquarks that belong to different representation of the color group give rise to sextet-triplet and triplet-sextet weak decays [8] . Because in our case the scalar particle T − b:d contains the diquark bb and has the color-sextet organization, then the scalar tetraquark Z 0 bc should also have the color-sextet structure. Thus, weak processes to be explored are the semilep-
In the present work, we consider the processes, where M is one of the conventional pseudoscalar mesons π − , K − , D − and D − s . It is clear that nonleptonic processes can be kinematically realized if m − m Z > m M with m Z and m M being the masses of the tetraquark Z 0 bc and M meson, respectively. The spectroscopic parameters m Z , and f Z of the scalar tetraquark Z 0 bc are necessary to calculate partial widths of all weak decays under consideration, and they will be found as well.
The full width of the tetraquark T − b:d are calculated by taking into account aforementioned semileptonic and nonleptonic decay modes. For these purposes, we employ the QCD three-point sum rule approach and compute weak form factors G 1 (q 2 ) and G 2 (q 2 ) required for our studies. Namely these form factors enter into expressions for the differential rate dΓ/dq 2 of semileptonic and partial width of nonleptonic processes. The sum rule computations, unfortunately, lead to reliable predictions for G 1(2) (q 2 ) only at limited values of the momentum transfers q 2 . To integrate dΓ/dq 2 over m 2 l ≤ q 2 ≤ (m − m Z ) 2 , and find the partial widths of the semileptonic decays, we need to extrapolate sum rule predictions to this domain. The latter is achieved by introducing fit functions G 1(2) (q 2 ) that coincide with the sum rule results when they are accessible, and can be easily extrapolated to the whole integration region.
This article is organized in the following manner: In Section II, we calculate the mass and coupling of the scalar tetraquarks T − b:d and Z 0 bc . To this end, we derive sum rules from analysis of the relevant two-point correlation functions: in numerical computations we take into account quark, gluon and mixed condensates up to dimension ten. In Section III, using spectroscopic parameters of the initial and final tetraquarks and three-point sum rules, we compute the weak form factors G 1(2) (q 2 ) in regions of the momentum transfers q 2 , where the method leads to reliable predictions. In this section we also deter-mine the model functions G 1(2) (q 2 ) and find the partial widths of the semileptonic decays T − b:d → Z 0 bc lν l . In Section IV we explore the nonleptonic decays
Here, we write down our final predictions for the full width and lifetime of the T − b:d . Section V is devoted to analysis of obtained results, and contains our concluding remarks.
The spectroscopic parameters m, and f of the tetraquark T − b:d are required to reveal its nature and answer a question whether this state is stable against strong and electromagnetic decays or not. The mass and coupling of Z 0 bc are important to explore the weak decays of the master particle T − b:d . Besides, the tetraquark Z 0 bc , as its color-triplet partner Z 0 bc , may be strong-and/or electromagnetic-interaction stable particle, which is of independent interest for us.
The parameters of these states can be extracted from the two-point correlation function
where J(x) is the interpolating current for a scalar particle. In the case of T − b:d it has the following form
For the tetraquark Z 0 bc we use
In these currents a, and b are color indices and C is the charge-conjugation operator. As it has been emphasized above, J(x) and J Z (x) are symmetric in color indices and have the color-sextet organizations. They correspond to tetraquarks composed of the scalar diquark and antidiquark, which are most attractive and stable two-quark structures [14] , consequently these currents describe the lowest lying groundstate sextet tetraquarks.
Spectroscopic parameters of different scalar tetraquarks were objects of detailed sum rule analysis, therefore we provide below only essential stages of calculations in the case of the tetraquark T − b:d , and give final results for the Z 0 bc . The sum rules to evaluate m and f can be obtained by matching two expressions of the correlation function Π(p): the first expression is calculated using the physical parameters of T − b:d , whereas the second one is written down in terms of quark propagators. The physical side of the sum rules Π Phys (p) in the "ground-state + continuum" scheme is given by the formula
In Eq. (4) we write down contribution of only the groundstate tetraquark, and denote by dots effects of higher resonances and continuum states. Using definition of the spectroscopic parameters of T − b:d through the matrix element
we recast Π Phys (p) into the final form
The function Π Phys (p) has a trivial Lorentz structure proportional to ∼ I, and the term in Eq. (6) is the invariant amplitude Π Phys (p 2 ) corresponding to this structure.
To determine the second component of the sum rule analysis, we calculate Π(p) using the quark-gluon degrees of freedom. For these purposes, we insert the explicit expression of the interpolating current J(x) into Eq. (4), and contract relevant heavy and light quark fields. After these operations for Π OPE (p) we get
where S b (x) and S u(d) (x) are the heavy b-and light u(d)quark propagators, respectively. Above we also introduce the shorthand notation
The explicit expressions of the heavy and light quark propagators can be found, for instance, in Ref. [10] . The nonperturbative parts of the propagators contain various quark, gluon, and mixed condensates which are sources of nonperturbative terms in Π OPE (p). The first equality necessary to derive the sum rules are obtained by equating the amplitudes Π Phys (p 2 ) and Π OPE (p 2 ), and applying to both sides of this expression the Borel transformation: By this way we suppress contributions to the sum rules of higher resonances and continuum states. But even after the Borel transformation suppressed terms appear as a contamination in the physical side of the equality. Fortunately, they can be subtracted by invoking assumption about quark-hadron duality. The second equality required for our purposes is derived by applying the operator d/d(−1/M 2 ) to the first one. These two expressions are enough to get the sum rules for m
and for f
The two-point spectral density ρ OPE (s) is computed as an imaginary part of the correlation function Π OPE (p). We include into analysis vacuum condensates up to dimension 10: because the final expression of ρ OPE (s) is rather lengthy, we do not write down it here. The sum rules (9) and (10) contain the universal vacuum condensates and masses of b and c quarks:
Besides, m and f depend on the Borel M 2 and continuum threshold s 0 parameters appeared in Eqs. (9) and (10) after the Borel transformation and continuum subtraction procedures, respectively. The M 2 and s 0 are the auxiliary parameters of the problem under discussion, a correct choice of which is an important task of computations. But proper regions for M 2 and s 0 should meet some restrictions imposed on the pole contribution (PC) and convergence of the operator product expansion (OPE). In fact, at maximum of M 2 the PC should obey the constraint
where Π(M 2 , s 0 ) is the Borel-transformed and subtracted invariant amplitude Π OPE (p 2 ). The minimum of M 2 is fixed from analysis of the ratio
In Eq. (13) Π DimN (M 2 , s 0 ) denotes a contribution of the last term (or a sum of last few terms) to the correlation function. In the present calculations we use a sum of last three terms, and hence DimN ≡ Dim(8 + 9 + 10). Our analysis demonstrates that the working windows for the parameters M 2 and s 0 are
and they satisfy all aforementioned constraints on M 2 and s 0 . Indeed, at M 2 = 12 GeV 2 the pole contribution is 0.21, whereas at M 2 = 8. 
where uncertainties of computations are shown as well.
Theoretical uncertainties in the case of m equal to ±2.4%, whereas for the coupling f they amount to ±25% remaining, at the same time, within limits accepted in sum rule computations. It is worth noting that these uncertainties appear mainly due to variations of the parameters M 2 and s 0 . In Fig. 1 we display the sum rule's prediction for m as a function of M 2 and s 0 , where one can see residual dependence of the mass on these parameters. The mass and coupling of the scalar tetraquark Z 0 bc are calculated by the same way. The phenomenological side of the corresponding sum rules is determined by Eq.
Their QCD side is given by the following formula
The mass m Z and coupling f Z of the tetraquark Z 0 bc can be found from Eqs. (9) and (10) 
The regions (17) meet standard constraints of the sum rule computations. Thus, at M 2 = 5.5 GeV 2 the ratio R is 0.01, hence the convergence of the sum rules is satisfied. The pole contribution PC at M 2 = 6.5 GeV 2 and M 2 = 5.5 GeV 2 equals to 0.24 and 0.71, respectively. At minimum of M 2 the perturbative contribution constitutes 72% of the whole result exceeding considerably nonperturbative terms.
For m Z and f Z our computations yield
In Fig. 2 we plot the prediction obtained for the mass of the tetraquark Z 0 bc and show its dependence on M 2 and s 0 . 
III. SEMILEPTONIC DECAYS T
The result for the mass of the tetraquark T − b:d proves its stability against the strong and electromagnetic decays. In fact, the central value of the mass m = 10135 MeV is 425 MeV lower than the threshold 10560 MeV for strong decay to mesons B − B 0 . Its maximal allowed value m max = 10375 MeV is 185 MeV below this limit as well. In other words, the T − b:d is a strong-interaction stable particle. The threshold 11003 MeV for the decay T − b:d → B − B 1 (5721) 0 γ is higher than m max which forbids this electromagnetic process. Therefore, the full width and mean lifetime of the T − b:d are determined by its weak decays.
This section is devoted to analysis of the dominant semileptonic decay T − b:d → Z 0 bc lν l triggered by the weak transition of the heavy b-quark b → W − c → clν. It is evident, that the mass difference 3405 MeV of the states T − b:d and Z 0 bc makes all decays T − b:d → Z 0 bc lν l , where l = e, µ and τ kinematically allowed ones. Here, we neglect processes generated by a subprocess b → W − u, because they are suppressed relative to dominant decays by a factor |V bu | 2 /|V bc | 2 ≃ 0.01 with V q1q2 being the Cabibbo-Khobayasi-Maskawa (CKM) matrix elements.
At the tree-level the subprocess b → W − c can be described using the effective Hamiltonian
Here, G F and V bc are the Fermi coupling constant and CKM matrix element, respectively
A matrix element of H eff between the initial and final tetraquarks
consists of leptonic and hadronic factors. A leptonic part of the matrix element L µ is universal for all semileptonic decays and does not contain information on features of tetraquarks. Therefore, we are interested in calculation of H µ which is nothing more than the matrix element of the current
It can be detailed using form factors G 1(2) (q 2 ) that parametrize the long-distance dynamics of the weak transition. In terms of G 1(2) (q 2 ) the matrix element H µ has the form
where p and p ′ are the momenta of the initial and final tetraquarks, respectively. Above, we also use notations P µ = p ′ µ + p µ and q µ = p µ − p ′ µ . The q µ is the momentum transferred to the leptons, hence q 2 changes in the region
where m l is the mass of a lepton l.
The sum rules for the form factors G 1(2) (q 2 ) can be extracted from the three-point correlation function
As usual, we write down Π µ (p, p ′ ) using the spectroscopic parameters of the tetraquarks, and get the physical side of the sum rule Π Phys µ (p, p ′ ).
The function Π Phys µ (p, p ′ ) has the following form
where the term in Eq. (25) is contribution of the groundstate particles: contributions of excited resonances and continuum states are denoted by dots. The phenomenological side of the sum rules can be simplified by substituting in Eq. (25) expressions of matrix elements in terms of the tetraquarks' masses and couplings, and weak transition form factors. To this end, we employ Eqs. (5) and (23) , and additionally invoke the matrix element of the state Z 0
Then one gets
We find Π µ (p, p ′ ) also using explicitly the interpolating currents in the correlator, and expressing (24) in terms of quark propagators, which lead to the QCD side of the sum rules
It is seen that the correlator Π µ (p, p ′ ) has structures proportional to P µ and q µ . Extracting from Π Phys µ (p, p ′ ) and Π OPE µ (p, p ′ ) invariant amplitudes corresponding to these structures, and equating them to each other, we can derive sum rules for the form factors G 1(2) (q 2 ). One of the main procedures in our computations is the Borel transformation of obtained equalities. Because relevant amplitudes depend on p 2 and p ′2 , in order to suppress contributions of higher resonances and continuum states, we should apply the double Borel transformation over these variables. Final expressions obtained after these operations depend on a set of Borel parameters M 2 = (M 2 1 , M 2 2 ). Then the continuum subtraction should also be carried out in two channels by introducing a set of threshold parameters s 0 = (s 0 , s ′ 0 ). After these manipulations, we derive the sum rules
where ρ 1(2) (s, s ′ , q 2 ) are the spectral densities calculated with dimension-7 accuracy. In Eq. (29) the pair of parameters (M 2 1 , s 0 ) describes the initial tetraquark T − b:d , whereas the set (M 2 2 , s ′ 0 ) corresponds to the final state Z 0 bc . In computations the working regions for M 2 and s 0 are chosen as in analyses of the masses m and m Z . Input information necessary for numerical calculations of G 1(2) (q 2 ) that includes the vacuum condensates, spectroscopic parameters of the tetraquarks T − b:d and Z 0 bc are presented in Eqs. (11) , (15) and (18) , respectively. In Fig. 3 we show obtained predictions for the form factors G 1 (q 2 ) and G 2 (q 2 ).
The sum rules give reliable results for G 1(2) (q 2 ) in the region m 2 l ≤ q 2 ≤ 8 GeV 2 , which is not enough to calculate the partial width of the process T − b:d → Z 0 bc lν l under analysis. Thus, the form factors G 1(2) (q 2 ) determine the differential decay rate dΓ/dq 2 of this process
where
To find the width of a semileptonic decay, dΓ/dq 2 should be integrated over q 2 in the limits m 2 l ≤ q 2 ≤ (m − m Z ) 2 . But m 2 l ≤ q 2 ≤ 11.59 GeV 2 is wider than the region where the sum rules lead to strong results. This problem can be evaded by introducing fit functions G i (q 2 ) (i = 1, 2): at the momentum transfers q 2 accessible for the sum rule computations they have to coincide with G i (q 2 ), but have analytic forms suitable to carry out integrations over q 2 .
For these purposes, we use the functions of the form
where G i 0 , g i 1 , and g i 2 are constants which have to be fixed by comparing G i (q 2 ) and G i (q 2 ) at common domains of validity. Performed numerical analysis gives 
Channel
Partial width The functions G i (q 2 ) are plotted in Fig. 3 : one can see an agreement between the sum rule predictions and fit functions.
The masses of the leptons m e = 0.511 MeV, m µ = 105.658 MeV, and m τ = (1776.82 ± 0.16) MeV used to find Γ(T − b:d → Z 0 bc lν l ) are taken from Ref. [15] . The results obtained for the partial width of the semileptonic decays T − b:d → Z 0 bc lν l are collected in Table I .
Here, we study the nonleptonic weak decays T − b:d → Z 0 bc M of the tetraquark T − b:d in the framework of the QCD factorization method. This approach was applied to investigate nonleptonic decays of the conventional mesons [16, 17] , but can be used to investigate decays of the tetraquarks as well. Thus, nonleptonic decays of the scalar exotic mesons Z 0 bc , T − bs;ud and T − bb;us (in a short form T − b:s ) were analyzed by this way in Refs. [11] [12] [13] , respectively.
We consider processes, where M is one of the pseu-doscalar mesons π − , K − , D − , and D − s . We provide details of analysis for the decay T − b:d → Z 0 bc π − , and write down final predictions for other channels. At the quark level, the effective Hamiltonian for this decay is given by the expression
and i , j are the color indices, and (q 1 q 2 ) V−A means
The short-distance Wilson coefficients c 1 (µ) and c 2 (µ) are given at the factorization scale µ.
In the factorization method the amplitude of the decay
with N c being the number of quark colors. The only unknown matrix element π − (q)| d i u i V−A |0 in A can be defined in the following form
Then, it is not difficult to see that A is:
For completeness we provide below the partial width of this process
where the weak form factors G 1(2) (q 2 ) are computed at q 2 = m 2 π . The decay modes T − b:d → Z 0 bc K − (D − , D − s ) can be analyzed in a similar manner. To this end, one has to replace in Eq. (41) (m π , f π ) by the masses and decay constants of the mesons K − , D − , and D − s , and make the substitutions V ud → V us , V cd , and V cs . All input information necessary for numerical analysis are collected in Table II : it contains spectroscopic parameters of the final-state mesons, and CKM matrix elements. The coefficients c 1 (m b ), and c 2 (m b ) with next-toleading order QCD corrections are borrowed from Refs. [18] [19] [20] 
For the decay 
which are among main predictions of the present work.
V. ANALYSIS AND CONCLUDING REMARKS
In the present work we have calculated the mass, width and lifetime of the stable scalar tetraquark T − b:d with the content bbud. This particle can be considered as a ud member of the scalar multiplet bbqq ′ . Another particle from this multiplet T − b:s was studied in our article [13] . The tetraquark T − b:s is composed of bbus quarks, has the mass
and is stable against the strong and electromagnetic decays. [21] . In fact, the mass splitting between Z s and Z q equals approximately to 240 MeV, which is caused by two s quarks in the Z s , hence a single s generates the mass splitting 120 MeV.
The second particle considered in this work is the tetraquark Z 0 bc appeared due to weak decays of the master particle T − b:d . We have treated Z 0 bc as a scalar exotic meson bcud with the symmetric color structure, and calculated its spectroscopic parameters m Z and f Z . The scalar particle Z 0 bc is stable against S-wave decays to mesons B − D + and B 0 D 0 because thresholds for these processes 7149/7144 MeV are higher than mass of the Z 0 bc . For the same reasons Z 0 bc can not transform to conventional mesons through electromagnetic decays. In fact, threshold for a such process Z 0 bc → B − D s1 (2460) + γ is equal to 7739 MeV and considerably exceeds the mass of the tetraquark Z 0 bc . There are two other scalar exotic mesons with the same or close quark contents. First of them is the color-triplet particle Z 0 bc built of bcud quarks with the mass m Z = (6660 ± 150) MeV [8] . The second scalar tetraquark is "s" partner of Z 0 bc , i.e., an exotic meson Z 0 b:s with bcus content and color-sextet organization. This particle was investigated in Ref. [13] , in which its mass was estimated within the range m = (6830 ± 140) MeV.
(46)
The mass splitting inside of the multiplet of scalar color-sextet particles bcqq ′ m − m Z = 100 MeV,
is compatible with our above-stated discussion. Comparing the masses of the color-sextet and -triplet states Z 0 bc and Z 0 bc , we get ∆m = m Z − m Z = 70 MeV.
The mass gap between axial-vector four-quark mesons [cs][cs] with different color structures was studied in Ref. [22] . The color-triplet and -sextet states were interpreted there as candidates to resonances X(4140) and X(4274), respectively. Theoretical estimate for a difference of their masses amounts to ∆m ≈ 180 MeV. The triplet-sextet splitting in the scalar system (Z 0 bc , Z 0 bc ) is numerically smaller than the same parameter in the case of axial-vector tetraquarks. But one should take into account that axial-vector particles [cs][cs] are composed of a heavy diquark and antidiquark, whereas tetraquarks bcqq ′ are built of heavy diquark and light antidiquark. Whether the triplet-sextet splitting depends only on spinparities of these particles or bears also an information on their structures worths additional studies.
We have computed partial widths of the semileptonic T − b:d → Z 0 bc lν l and nonleptonic T − b:d → Z 0 bc M processes, where M is one of the pseudoscalar mesons π − , K − , D − , and D − s . It turned out that partial widths of semileptonic decays are considerably higher than ones of these nonleptonic modes. Namely the semileptonic decay channels have been used to evaluate the full width and lifetime of T − b:d . Tetraquarks containing diquarks bb and bc are interesting objects for both theoretical and experimental investigations. There are experiments in which they can be observed: Discovery potential of some of these experiments was discussed in Refs. [23, 24] . Spectroscopic parameters of the scalar tetraquarks T − b:d and Z 0 bc , as well as weak decays of T − b:d studied in the present work provide new and useful information on features of double-heavy exotic mesons bbqq ′ and bcqq ′ .
